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Abstract: We show that statistical and semi-Weyl structures with torsion are invariant under conformal-projective
transformations. We prove that a nondegenerate submanifold of a semi-Weyl (respectively, statistical) manifold with
torsion is also a semi-Weyl (respectively, statistical) manifold with torsion, and that the induced structures of two
conformal-projective equivalent semi-Weyl (respectively, statistical) structures with torsion on a manifold to a nonde-
generate submanifold, are conformal-projective equivalent, too. Also, we prove that the umbilical points of a nonde-
generate hypersurface in a semi-Weyl manifold with torsion are preserved by conformal-projective changes. Then we
consider lightlike hypersurfaces of semi-Weyl manifolds with torsion and we describe similarities and differences with
respect to the nondegenerate hypersurfaces. Finally, we show that a semi-Weyl manifold with torsion can be realized by

a nondegenerate affine distribution.
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1. Introduction

Statistical structures play a central role in information geometry. They are defined as pairs of a torsion-free
affine connection and a pseudo-Riemannian metric satisfying the Codazzi equation. Later on, this notion was
extended to statistical structures with torsion. Generalizing both these concepts, semi-Weyl structures with
torsion, introduced in [3], make a deeper connection to affine differential geometry. Moreover, conformal and
projective transformations are the most important transformations in the theory of affine connections, crucial
in conformal and projective geometry.

Having these in mind, the aim of the present paper is to present some properties of semi-Weyl structures
with torsion, with a special view towards these kinds of transformations. Precisely, we prove their invariance
under conformal-projective transformations and that the induced structure of two conformal-projective equiva-
lent semi-Weyl structures with torsion on a pseudo-Riemannian manifold to a pseudo-Riemannian submanifold,
are conformal-projective equivalent. Also, we show that a umbilical nondegenerate hypersurface in a semi-Weyl

manifold with torsion M is umbilical with respect to any conformal-projective equivalent structure on M .
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Then we focus on lightlike hypersurfaces of semi-Weyl manifolds with torsion and we describe similarities
and differences with respect to the nondegenerate hypersurfaces. Lightlike submanifolds are very interesting in
relativity and their use is growing up in mathematical physics. The main difference between the nondegenerate
and the lightlike hypersurfaces is that, in the last case, the normal vector bundle intersects the tangent bundle,
S0 a tangent vector cannot be decomposed uniquely into a tangent and a normal component to the submanifold.
In particular, the usual definition of the second fundamental form, Gauss and Weingarten formulas do not
work for the lightlike case. For details, we refer to the book [5]. In [2], lightlike hypersurfaces of a statistical
manifold are studied, and with this motivation in mind, we generalize some results obtained for nondegenerate
hypersurfaces to the case of lightlike hypersurfaces of a semi-Weyl manifold with torsion. In this situation,
we need to consider an integrable screen distribution of the lightlike hypersurface. In particular, we prove the
existence of the induced structure and the invariance under conformal-projective transformations. Finally, we

show that a semi-Weyl manifold with torsion can be realized by a nondegenerate affine distribution.

2. Statistical and semi-Weyl manifolds with torsion

Consider a pseudo-Riemannian manifold (M, g). Throughout the whole paper, we will denote by T'M the
tangent bundle of M, by T*M its cotangent bundle and by I'**(T'M) (respectively, by I'>°(T*M)) the smooth
sections of TM (respectively, of T7*M ). For an arbitrary affine connection V on M, we shall denote by TV

its torsion tensor and by RY its curvature tensor, given, respectively, by
TV(X,Y):=VxY —-VyX —[X,Y], RV(X,Y):=VxVy —VyVx —Vixy,

for XY € T°(T'M), where [-,-] is the Lie bracket on TM . An affine connection is said to be torsion-free if

its torsion tensor is zero, and flat, if its curvature tensor is zero.

Definition 2.1 [1] Let (M, g) be a pseudo-Riemannian manifold, and let V be a torsion-free affine connection
on M. Then (M,qg,V) is called a statistical manifold (on short, SM ) if

(VXQ)(Ya Z) = (ng)(Xv Z)v
forany XY, Z € T>°(TM).

In 2007, Kurose introduced the notion of statistical manifold admitting torsion.

Definition 2.2 [8] Let (M, g) be a pseudo-Riemannian manifold and let V be an affine connection on M with
torsion tensor TV . Then (M, g,V) is called a statistical manifold admitting torsion (on short, SMT ) if

(Vxg) (Y, 2) = (Vyg)(X, Z) — g(TV (X,Y), Z),

forany XY, Z € T>°(TM).

Example 2.3 If g is a pseudo-Riemannian metric on M and [ is a positive smooth function on M , then
(M, efg, V9 +df @ 1) is a SMT, where V9 is the Levi-Civita connection of g.
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Definition 2.4 [1, 10] Let (M,g) be a pseudo-Riemannian manifold. Two affine connections V and V* on

M are said to be dual connections with respect to g if
X(9(Y,2)) = g(VxY, Z) + g(Y,V Z),
forany XY, Z € T>°(TM), and we call (g,V,V*) a dualistic structure on M .

As g is symmetric, from the definition, we remark that (V*)* = V. Notice that V = V* if and only if
V is a metric connection, that is, Vg = 0. Moreover, if V is torsion-free, then V = V* if and only if V is the

Levi-Civita connection of g.

Also, a dualistic structure (g,V,V*) on M such that V and V* are flat and torsion-free is called a
dually flat structure on M (and (M, g,V,V*) a dually flat manifold).

From [3], we state

Proposition 2.5 Let V and V* be dual connections with respect to g. Then
(i) RV =0& RY =0;
(ii) TV =0 (M,g,V) is a SMT;
(iii) TV =0« (M,g,V*) is a SMT.

Recently, we introduced the notion of semi-Weyl manifold admitting torsion.

Definition 2.6 [3] Let (M,g) be a pseudo-Riemannian manifold, let V be an affine connection on M with

torsion tensor TV and let  be a 1-form. Then (M,g,n,V) is called a semi-Weyl manifold admitting torsion
(on short, SWMT ) if

(Vxg) (Y, 2) +n(X)g(Y, Z) = (Vyg)(X, Z) + n(Y)g(X, Z) — g(TV (X,Y), Z),
forany XY, Z € T>°(TM).

Example 2.7 If (M, g,V) is a statistical manifold and n is a nonzero 1-form on M, then (M,g,n,V+n®1I)
is a SWMT.

Definition 2.8 [11, 12] Let (M,g) be a pseudo-Riemannian manifold and let n be a 1-form on M. Two
affine connections V and V* on M are said to be semidual connections (or generalized dual connections) with

respect to (g,n) if
X(9(Y,2)) = g(VxY,Z) + g(Y,Vx Z) = n(X)g(Y, Z),

for any XY, Z € T°°(TM), and we call (g,n,V,V*) a semidualistic structure on M .

From the definition, we remark that (V*)* = V. Notice that if V is torsion-free, then V = V* if and
only if (M, g,n,V) is a Weyl manifold.

Remark 2.9 If we denote by V7 the dual connection of V with respect to g and by VZ‘gm) the semidual

—n®I and V = (V]

connection of V with respect to (g,n), then V; = V[ P n))z

(g:) +n®I.
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From [3], we state

Proposition 2.10 Let V and V’(*g - be semidual connections with respect to (g,n) and let V; be the dual

connection of V with respect to g. Then
(i) RY =04 RVlem =04 RV =0;
(ii) TV(om =0 (M,g,n,V) is a SWMT;
(iii) TV =0 < (M,g,n,V?gm)) isa SWMT;
(iv) (M,g,n,V{,,,) isa SWMT & (M,g,Vy) is a SMT.

3. Conformal-projective transformations of SMT and SWMT

Let V be an affine connection on the pseudo-Riemannian manifold (M, g) and consider the conformal-projective

transformation of (g,V):

§:=eTVg, (3.1)

Vi=VideoI+Iody— 9oV, (3.2)

for ¢ and v smooth functions on M , where Vv denotes the gradient of i with respect to the metric g.

By direct computations, we obtain

Lemma 3.1

TV =1V,
(Vx§)(Y.2) = (Vi) (X, 2) = e ((Vxg)(¥. 2) - (Vrg) (X, 2)),
forany XY, Z e T>°(TM).

The invariance under conformal-projective transformations is stated in the next proposition.

Proposition 3.2 (i) (M,g,7n,V) is a SWMT if and only if (M,g,n, %) isa SWMT. Moreover, the semidual
connection 62‘5 m of V with respect to (g,n) and the semidual connection VZ‘Q m of V with respect to (g,mn)

satisfy

6*

@m = Vigm

y A @I+ 1®dp —g® V.

(ic) (M,g,V) is a SMT if and only if (M,q, 6) is a SMT. Moreover, the dual connection 65 of V
with respect to g and the dual connection Vi of V with respect to g satisfy

Vi=Vo+dyp@I+I@dp—g Ve.

Proof The assertions follow from the definitions of the dual and semidual connections, (3.1) and (3.2).
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Proposition 3.3 The curvatures of (g,V) and (§,€) satisfy

R(X,Y)Z = R(X,Y)Z + Z(o)TV (X,Y) + (X(zp) Y, 2) )Vw ( )(X,Y, Z))vw
+ (X(Z(so)) —9(VxZ,Vp) = X(9)Z(p) + 9(X, Z2)9(V, VY )Y
— (Y(2(9) - 9(Ty 2,V9) = Y (9)Z(¢) + 9(Y, Z)g(Tip, V1) ) X
+9(X, 2)Vy Vi — g(Y, )V VY,
Ric(Y, Z) = Ric(Y, Z) + Z(¢) trace(Ty) + (¥, 2) (V92 = A9 ()  (n = 1)g(Vep, Vo))
+ (0= DY (@)Z(9) = Y () Z(6) - g(T¥ (Ve Y), 2)
~ (0 =1)((Vv)(Ve, 2) + 9(Vy Vi, 2)) + (Vy9)(V, Z) + g(Vy Vb, Z) = (Voug) (Y, 2),
scal = e~ (#F¥) (scal + trace(Ty ) + trace(Tw))
+ (0= e (Vg2 + [V = AT () — AT () —ng(Vip, V) )

— e~ (et¥) ((n — 1) trace((Vg)(Vy)) — trace((Vg) (V) + trace(Vv¢g)),
for any X,Y,Z € T°(TM), where n = dim(M), Ty (X) :=TV(X,Y),
(dV9)(X,Y, Z) := (Vxg)(Y, Z) = (Vyg)(X, Z) + g(TV(X,Y), Z)

and

AV (@) = div(V 9 (V) = 2619 Ve Ve, Ei),

i=1
for {E;}i<i<n a pseudo-orthonormal frame field with respect to g, g(E;, E;) = €05, €; = £1.
Proof We have:

VxVyZ = Vx(VyZ +dp(Y)Z +dp(2)Y — g(Y, 2) V)

=VxVyZ+Y(9)VxZ+ X(Y(9))Z + Z(p)VxY + X(Z(9))Y — (Y, 2)Vx Vi — X (g(Y, Z)) Vi)
= VxVyZ+dp(X)Vy Z +dp(Vy 2)X — g(X,Vy Z)V

+Y () (VxZ + dp(X)Z + dp(2)X — (X, 2)V0) + X (Y (9))Z
+ Z(0) (VxY +dp(X)Y +dp(Y)X — g(X,Y) V) + X(Z()Y

— (¥, 2) (Vx V4 + dp(X) Vi + dp(T9) X — g(X, V) Veb) = X(g(Y, Z)) Ve
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= VxVyZ+ X(p)VyZ +dp(Vy Z)X — g(X,Vy Z)V)
Y()VxZ + X(9)Y(0)Z +Y(9)Z(p)X — 9(X, 2)Y (9) Vi + X (Y () Z
Z(@)VxY + X(9)Z(p)Y +Y(9)Z(0)X — g(X,Y)Z(¢) VY + X (Z(¢))Y

—g(Y, Z)Vx VY — g(Y, Z)X () VY — g(Y, Z)g(Vp, V)X + g(Y, Z) X (¥) V) — X (9(Y, Z)) V¥,

for any X,Y,Z € I'*°(TM), and by replacing it in
R(X,Y)Z :=VxVyZ-VyVxZ—VixyZ

we get the first relation.

From (3.1) and (3.2), taking into account that if {Eihgign is a pseudo-orthonormal frame field with
«p+l/

respect to the pseudo-Riemannian metric g, §(E,EJ) = €;0;;, ¢ = *1, then {E; := e

pseudo-orthonormal frame field with respect to g, from the definition of the Ricci tensor field, we get.

Ric(Y, Z) Zelg (E;,Y)Z,E;) Zelg (E,Y)Z,E;)

n

_Zezg E“YZE Zezg EzaY E)
i=1

+ 3 a(B)g(v.2) = Y(0)g(Ei. 2) ~ (Vi)Y 2) + (Vyg) (i 2) - o(TV (Ei.Y). 2)) (V. E)

n

2 e Bi2(0) ~ 9(V52.V¢) = Bi(9)2(0) + 9(Ei. 2)9(Vo. V) (Y. )
- Z (Y(2(6) — 9Ty Z, V) = Y (@) Z(9) + 9(Y, Z)9(Vip, VV) ) eig (i, E)

+ Y €g(Ei, 2)g(Vy Vo, E) = Y €ig(Y, Z)9(VE, Vi, E;)

= Ric(Y, 2) + Z(¢) trace(Ty) + (¥, 2) (IV¥* = AT (@) = (n = 1)g(Ve, V)
+ (0= DY (9)Z(9) = Y (D) Z(0) + 9(Vy V), 7) = (Vopg)(¥: Z) + (Vv 9)(V4, 2)

— 9TV (V,Y), 2) = (0= D((Vy9) (Y, 2) + 9(Vy Vi, 7).
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Also:

scNal = Z Eiﬁ(ﬁi, EIL) = 67(W+w) Z 61‘/1:873(5]1‘, Ez)
i=1

=1

— (49 [Z ei Ric(E;, Ei) + Y _ €,B;(p) trace(Tg,) + n(uw\\? — AV () — (n = 1)g(Vep, W))
1=1 =1

n n n

+ (=1 €&Ei(9)Ei(p) = Y aEi(W)Ei(¥) = Y eg(TV (Vi Ey), Ey)

=1 1=1 i=1

n n

~ (=Y a((Ve9)(Ve, B) + 9(VE Ve, E)) + Y & ((Ve.9)(V, B) + (Vi Vo, E) )

i=1 i=1

n

- Z €i(Vvyg)(Ei, Ei)]

i—1
= ¢~ (pt¥) {scal+trace(TV¢) + n(||V1/)||2 — AV () — (n — 1)g(Ve, VW)
+(n = D[Vl = [[VY]* + trace(Tyy)

— (n — 1) trace((Vg)(Ve)) — (n = AT (p) + trace((Vg) (V) + AV (¢) — trace(Vyyg)

and we obtain the conclusions.

Now we can state
Proposition 3.4
Ric(Y, Z) — Ric(Z,Y) = Ric(Y, Z) — Ric(Z,Y)
+ Z(p) trace(Ty) — Y (p) trace(Tz) — g(T™ (V,Y), Z) + g(TV (V4), Z),Y)
— (=D ((Vy9)(Z Vo) = (V29)(Y, Vo) +9(Vy Vi, Z) = (V2 Vi, Y) )
+ (Vyg)(Z, Vi) = (Vzg)(Y, V) + g(Vy VY, Z) — g(Vz VY, Y),
for any Y,Z € T>°(TM).
Remark 3.5 For any smooth function f on M, we remark that
(Vya)(Z.Vf) = (Vz9)(Y, V) =Y (Z(f)) = Z(Y(f) = 9(VyZ = V7Y,V |) + 9(Y,V2Vf) = g(Z,VyV [)
=Y, Z)(f) = g(TV (Y, 2),V f) = g([Y. 2,V ) + 9(Y,V 2V ) = 9(Z, V¥V )
= —g(TV (Y, 2),V )+ 9(Y. V2V f) = 9(Z,VyV]),
for any Y,Z € T°°(TM).

Therefore, by means of Remark 3.5, Proposition 3.4 can be restated as
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Proposition 3.6
Ric(Y, Z) — Ric(Z,Y) = Ric(Y, Z) — Ric(Z,Y) + Z(y) trace(Ty ) — Y (¢) trace(T%)
+(n=1)g(TY(Y,2),Ve) = g(TV(Y, Z),V¢) = g(TV (Z,V4),Y) = g(TV (V,Y), Z),

forany Y, Z e T°(TM).

Remark 3.7 From Remark 3.5, we also deduce that:
(i) if (M,g,n,V) is a SWMT, then

forany Y, Z e T°(TM);
(i1) if (M,g,V) is a SMT, then

9(VyVI.2) = g(V2VLY),
for any Y, Z € T>(TM).
From Proposition 3.3, for ¢ = 0, we get
Corollary 3.8 If §:=¢%g and V :=V — g® V1, then
R(X.Y)Z = R(X.Y)Z + (X(0)g(Y. 2) = Y ($)g(X, 2)) V¥
~ ((Vx9)(Y:2) = (Vv 9)(X, 2) + g(T¥ (X,Y), 2)) Vo + g(X, Z)Vy Vi — (¥, Z)Vx V¥,
Ric(Y, 2) = Rie(Y, 2) + g(Y, 2) (IV¥[]* = AT () = Y () Z(4)
= g(TY (V. Y), 2) + (Vyg) (V¥ Z) + g(Vy Vi, Z) = (Veug)(Y, Z),

scal = e~ ¥ | scal + trace(Tyvy) — trace(Vyyg) + trace((Vg) (V) + (n — 1) <||V@Z)H2 — AV (1/)))},
forany XY, Z € T°(TM).
In this case, Proposition 3.6 becomes
Corollary 3.9 If §:=e¥g and V:i=V-— gV, then
Ric(Y, Z) — Ric(Z,Y) = Ric(Y, Z) = Ric(2,Y) = g(TV (Y, 2), V) — g(TV (2,V9),Y) — g(TV (V§,Y), Z),
forany Y, Z e T°(TM).

Corollary 3.10 Let §:=e%g, V:i=V-— gV and let n be a 1-form on M. If (M,g,n,V) is a SWMT
(or a SMT ), then

Ric(Y, Z) — Ric(Z,Y) = Ric(Y, Z) — Ric(Z,Y),
forany Y, Z € T°(TM).
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Proof From Corollary 3.8, we have:

R(X,Y)Z = ROXCY)Z + (X(0)g(Y, 2) = Y (¥)g(X, 2) ) Vo
= (nV)9(X,2) = n(X)g(Y, 2)) Vi + g(X, Z)Vy Vo — (Y, Z)Vx Ve,

which by taking the trace, gives

Ric(Y, 2) = Ric(Y, 2) + (¥, 2) (IVeI* = AT (@) +n(Ve)) = (Y (@) +0(Y)) Z(¥) + 9(Vy V¥, 2)
and by using Remark 3.7, we find
Ric(Y, Z) — Ric(Z,Y) = Ric(Y, Z) — Ric(Z,Y)
— (V) Z() +n(2)Y (¥) + g(Vy V¢, Z) — g(VzV$,Y) = Ric(Y, Z) — Ric(Z,Y).

Also:

scal = e~¥ [ scal +(n — 1)(||w||2 — AT () + n(w))}.
For n =0, we get the corresponding relations for SMT'.

From Corollaries 3.9 and 3.10, we deduce

Corollary 3.11 Let g :=e¥yg, Vi=V-— g@ Vv and let n be a 1-form on M. If (M,g,n,V) is a SWMT
(or a SMT ), then

g(TV(Y, 2), V) + g(TV (Z,V),Y) + 9(TV (V4,Y), Z) = 0,

forany Y, Z e >°(TM).

Definition 3.12 [9] A pair (g,V) of an affine connection and a pseudo-Riemannian metric on M is said to

be a conformally flat structure if there exists a smooth function 1 such that the connection V:i=V- gV

1s flat in a meighborhood of any point of M .

Thus, from Corollaries 3.8 and 3.9, we can state

Corollary 3.13 (i) If (M,g,V) is a SWMT such that (g,V) is a conformally flat structure on M with
V:i=V-— g @V flat in a neighborhood of any point, then, for any X,Y,Z € T>°(TM), we get

R(X,Y)Z = —(X()g(Y.2) = Y ($)g(X. 2)) Vi = (X, Z)Vy Vi + (Y, Z)Vx V¥
+ (nV)g(X, 2) = n(X)g(Y. 2)) V¥,
Ric(Y; 2) = —g(¥ 2) (IVUI? = A9 (@) +n(Ve) ) + (Y (@) +0(Y)) Z(6) = 9(Vy V¥, 2)

scal = —(n — 1) (||ku2 — AV () + n(W))

In particular, the Ricci tensor field of V is symmetric.
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(ii) If (M,g,V) is a SMT such that (g, V) is a conformally flat structure on M with V=V —ge Vi
flat in a neighborhood of any point, then, for any X,Y,Z € T°(TM), we get

R(X,Y)Z = (X()g(Y. 2) =Y ($)9(X, 2)) Vi = (X, Z)Vy Vi + (Y, Z)Vx V¥
Ric(Y, 2) = =g(¥ 2) (IVYI = A9 (@)) + Y () 2(8) - 9(Vy V¥, 2),

seal = —(n = 1) (| V¥]|2 = AT ().

In particular, the Ricci tensor field of V is symmetric.

We end this section by providing a way to construct lots of examples of conformal-projective transforma-
tions on statistical and semi-Weyl manifolds. It is known that nontrivial examples of statistical manifolds are
given by locally convex hypersurfaces in R"*! and by Hessian manifolds. We recall here the definition.

Let M be a locally convex hypersurface in R™*! and let g, h, be respectively the first and the second

fundamental forms of M. Then h is a Riemannian metric on M and the Codazzi equation
(Vxh)(Y, Z) = (Vyh)(X, Z)

holds for any X,Y,Z € T'°°(TM), where V is the Levi-Civita connection of g and, (M, h,V) is a statistical
manifold.

Now, let (M,V) be an affine manifold, i.e. a smooth manifold M provided with a flat, torsion-free,
affine connection V. A Riemannian metric ¢ on M is said to be a Hessian metric if g is locally expressed
by a Hessian g = V2f, where f is a locally smooth function on M. Then the pair (g, V) is called a Hessian
structure and (M, g, V) is called a Hessian manifold, and, it is known that [4] a Hessian manifold is a statistical
manifold.

We consider M a locally convex hypersurface of R?*! with the statistical structure (h, V) given by the
second fundamental form, and a Hessian manifold with the statistical structure (g, V) defined before. Let ¢
and 1 be smooth functions on M. Then h = e?*t%h, respectively, § = e?T%g, and V = V + do@I—h® Vi,
respectively, V.=V +do ® I — g ® Vi), is a conformal-projective transformation of (M, h,V), respectively, of
(M,g,V).

Now, starting from the examples of statistical manifolds M given by locally convex hypersurfaces in
R™*! and Hessian manifolds, as described in Example 2.7, given a nonzero 1-form on M, we can define semi-
Weyl manifolds with torsion and, as before, conformal-projective transformations on them. In this way we can

produce lots of examples of conformal-projective transformations on statistical and semi-Weyl manifolds with

torsion.

4. Pseudo-Riemannian submanifolds of SMT and SWMT

Let (M,g) be an n-dimensional pseudo-Riemannian manifold.

Definition 4.1 A smooth submanifold M’ of M is called a pseudo-Riemannian submanifold, or nondegenerate

submanifold, of (M, g) if the induced tensor g' := girmxTmr 18 a pseudo-Riemannian metric on M.

10
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Let M’ be a pseudo-Riemannian submanifold of (M, g). Then the tangent space of M, at any point

x € M’ can be orthogonally decomposed, with respect to g, into the orthogonal sum
T.M =T, M L T+M.

We shall prove that a pseudo-Riemannian submanifold M’ of a SWMT (respectively, SMT) M is also
a SWMT (respectively, SMT) with the induced structure and that the conformal-projective equivalence of

two such structures is preserved for the induced structures on the submanifold.

Proposition 4.2 If M’ is a pseudo-Riemannian submanifold of a SWMT (M, g,n,V), then (M’ ,¢',n', V")
is also a SWMT, where ' and ¢’ are the induced tensors on M' and VY, XY € T>°(TM'), is the
component of VxY tangent to M'. In this case, we call (¢’,n',V’') the induced structure by (g,n,V) on M’.
Moreover, the semidual connection (V')* of the induced connection V' with respect to (¢',n') is the induced

connection (V*)' of the semidual connection V* of V with respect to (g,m).
Proof Just remark that
TY(X+UY +V)=TY(X,Y)+TY(X,V)+TV(U,Y)+TV(U,V),
for any X,Y € I'°(TM’') and U,V € I'**(T+M’), hence
JTV(X,Y),2) = g (17 (X, ), 2),
for any X,Y,Z € T>°(TM'). Also
(Vxg)(Y, 2) == X(g'(Y, 2)) — g (VxY, Z) = g (Y, Vx 2)
=X(9(Y,2)) —g(VxY,Z) —g(Y,Vx Z) := (Vxg)(Y, Z),
for any X,Y,Z € T°°(TM'), hence
(Vxg (Y. Z) = (Vyg' )X, Z) = (Vxg)(Y, Z) = (Vyg)(X, Z)
=n(Y)g(X,Z) = n(X)g(Y,Z) - g(TV(X,Y), Z)
=1/ (V)g' (X, 2) =0/ (X)g'(Y, Z) = d'(TV (X,Y), Z)

and we get the first statement.
Moreover, we remark that
X(g'(Y.2)) = X(g(Y. Z2)) = g(VxY, Z) + g(Y, VX Z) = n(X)g(Y, Z)
=g (VxY,Z) + ¢ (Y. (V")xZ) —n(X)g'(Y, Z),
for any X,Y,Z € T°°(T'M'), hence the conclusion is true.

We recall the following.

Definition 4.3 A smooth hypersurface M’ of M is called a lightlike hypersurface of (M,g) if the induced

tensor g’ := 9 TM xT M S degenerate.

11
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Remark 4.4 We remark that Proposition 4.2 is not true for smooth submanifolds which are mot pseudo-

Riemannian submanifolds, for example it is not true for lightlike hypersurfaces [2].

Proposition 4.5 Let M’ be an m-dimensional pseudo-Riemannian submanifold of an n-dimensional pseudo-

Riemannian manifold (M,g). If (M,g,n,V) and (M,g,n,V) are conformal-projective equivalent SWMT,

then the induced structures on M', (¢',n',V’') and (¢',7’, 6’) , are conformal-projective equivalent, too.
Proof Obviously, the induced metrics ¢’ and ¢ on M’ are conformal equivalent, namely,
§ =y
where ¢’ and 1)’ denote the restrictions of ¢ and ¥ to M’, respectively.
Let X,Y € I™°(TM’). Then

VY + (VxY)t = VxY = VxV +dp(X)Y +dp(Y)X — g(X,Y)Ve

= VY + (V)" +de'(X)Y +do/ (V)X = ¢ (X, V)V'Y' = ¢(X,Y) Y eg(Veh, NN,

i=m+1

where {N;}m+1<i<n is a pseudo-orthonormal frame field on T+M’, ¢; = +1. By identifying the tangential

components, we infer
VY = ViV +de/ (X)Y +de' (V)X — g/ (X, Y)V'Y,

hence the conclusion is true.

Let (M',¢',n’, V') be a nondegenerate hypersurface of a SWMT (M, g,n,V), with the induced struc-
ture, and denote by N the unit normal vector field with respect to g, g(N,N) =€ = £1. Then

VxY =V4Y +a(X,Y)N, VxN=-B(X)+7(X)N,
VLYY = (V%Y +o*(X,Y)N, VXN =-B*(X)+7"(X)N,
where

a(X,Y):=€eg(VxY,N), 7(X):=eg(VxN,N),
™ (X,Y) == eg(VYY,N), 7°(X) :=eg(VX N, N),

and we define
/B(Xa Y) = g(B(X)’Y) = _g(vXN7Y)7
ﬂ*(X, Y) = g(B*(X),Y) = —g(V}N,Y),

for any X, Y e T°(TM’).

Proposition 4.6 Let (M',¢',n',V’') be a nondegenerate hypersurface of a SWMT (M,qg,n,V), with the
induced structure. Then the (0,2)-tensor field 8 (defined on M’ ) is symmetric. Moreover, (ea, ) = (8*,ea™).

12
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Proof We have
B(X,Y) = B(Y,X) = —g9(VxN,Y) +g(VyN, X)

=~ (X(g(N,Y)) = g(N, Vi) + (X)g(N.Y))
+ (Y (9(N, X)) = (N, V3 X) + (Y )g(N, X))

= g(N,V%Y) — g(N, Vi X) = —g(N, TV (X,Y)),

for any X, Y € I'°°(T'M’), where V* is the semidual connection of V with respect to (g,n). In particular, the
first statement follows from Proposition 2.10.

Moreover
B(X,Y)=g(N,VyY) =ea"(X,Y),

hence

(ea, B) = (7, ea”).

We pose the following.

Definition 4.7 A point = of a pseudo-Riemannian hypersurface M’ in a SWMT (M,g,n,V) is called a
umbilical point if there exists a real constant ¢ such that B, = cgl,. Moreover, M’ is said to be a umbilical

hypersurface of M if there exists a smooth function f on M’ such that 8= fg'.

Now we can prove the following.

Proposition 4.8 The umbilical points of a pseudo-Riemannian hypersurface in a SWMT , with the induced

structure, are preserved by conformal-projective changes.

Proof Let M’ be a nondegenerate hypersurface of a SWMT (M, g,n,V) and let (¢’,n', V') be the induced

structure on M’. We remark that the unit normal vector field N with respect to g equals to N=e¢%"N.

Then, for any X,Y € I'*°(T'M), we have

et ety

BX,Y) = =G(VxN,Y) = =7 g(VxN + dp(X)N + dp(N)X — g(X, N)Ve,Y) — e# ¥ X (e 2 )g(N,Y)

+ ety

— %t (g(VXN, Y)+ d<p(N)g(X7Y)) — %3 (ﬁ(X, Y) — dp(N)g (X, Y)),

hence
et

B=e (B—dp(N)g')
and we immediately get the conclusions.

As a consequence, we obtain

Corollary 4.9 Let M’ be a m-dimensional pseudo-Riemannian submanifold of a mn-dimensional pseudo-

Riemannian manifold (M,g). If (M,g,n,V) and (M,q,n,V) are conformal-projective equivalent SWMT

and M’ is a umbilical hypersurface of (M,g,n,V), then M’ is a umbilical hypersurface of (M,g,n,V), too.

13
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Proposition 4.10 Let (M, g, V) be a pseudo-Riemannian manifold with an affine connection, and let (M', g', V")
be a nondegenerate hypersurface with the induced structure. Then the Riemann curvatures of (g, V) and (¢',V’)

satisfy
RY(X,Y)Z =R (X,Y)Z — (a(y, Z)B(X) — o(X, Z)B(Y))
+ ((V’Xa)(y, Z) + oY, Z)7(X) — (Viya) (X, Z) — a(X, Z)r(Y) + o(TV (X, Y), Z))N,
forany XY, Z € T>°(TM').
Proof We have:
VxVyZ =Vx(VyZ+a(Y,Z)N)=VxVyZ+aY,Z)VxN + X (a(Y, Z))N
=VVyZ +a(X,VyZ)N + (Y, Z)(—B(X) + 7(X)N) + X (a(Y, Z))N
=VVyZ +a(X,VyZ)N —a(Y,Z2)B(X) + a(Y, Z)7(X)N
+(Vxa)(Y, Z) + a(VXY, Z) + a(Y,Vx Z)) N,
for any X,Y,Z € T>°(TM'), and by replacing it in
RY(X,Y)Z :=VxVyZ—-VyVxZ —VixyZ,

we get the relation.

Proposition 4.11 Let M’ be a nondegenerate hypersurface of a SWMT (M, g,n,V) with the induced structure
(¢, 0/, V'). If M’ is umbilical with 3 = fg', for f a smooth function on M' and RY (X,Y)Z =0, for any
X,Y,Z eT>°(TM’), then

REV(X,Y)Z = ef (4 (Y, 2)B*(X) — g (X, 2)B"(V)), df + f(r* — o) = 0.

Proof Replacing the semidual connection V* of V with respect to (g,n) and €8* to V and «, respectively,

in Proposition 4.10, taking into account that
(VxB(Y,Z) = X(f)g' (Y, Z) + f(Vxg) (Y. Z),
and since TV =0, we infer

RV (X.Y)Z = RV (X,Y)Z = (19 (Y, 2)B"(X) - f¢/(X. Z)B*(Y))
+e(X()g (V. 2) + F(Vxg (V. 2) + f9 (V. Z)7" (X)
~Y(f)g'(X.2) = f(Vg)(X.2) — ¢/ (X, Z2)7" (Y) )N
= RY(X,Y)Z ~ ef (¢ (v, 2)B"(X) - (X, 2) B (Y))
+e((df + £ = 1) (X)g (V. 2) = (df + f7° = i) (V) (X, Z) ) N,

for any X,Y,Z € T'°°(T'M'), which implies the conclusion.

14
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5. Lightlike hypersurfaces of SMT and SWMT
In this section we describe some details concerning the geometry of lightlike hypersurfaces of SMT and SWMT .

Let (M,g) be an (n + 2)-dimensional pseudo-Riemannian manifold with the indezx of negativity of g
greater than 0 and less than n—+2. If (M, ¢’) is a lightlike hypersurface of (M, g), then there exists a non zero
¢ € (T M’) such that ¢'((,X) =0, for any X € T>°(T'M’). Let Rad(TM’) be the distribution (of rank 1),
called the radical distribution, defined by:

Rad(TM") :={¢ e T>*(TM') : ¢'(¢,X) =0, for any X € I>°(TM")}.

Let S(TM’) be a complementary vector bundle of Rad(TM’) in TM’, called a screen distribution. Then we

have that T M’ decomposes into an orthogonal sum
TM' = S(TM')LRad(TM").
In particular, S(TM’) is a nondegenerate distribution and we have
TM = S(TM')L(S(TM'))*,

where (S(TM’))* is the orthogonal complement of S(TM’) in TM)y .

The following fact is known.

Theorem 5.1 [5] Let (M',g',S(TM’)) be a lightlike hypersurface of a pseudo-Riemannian manifold (M, g).
Then, there exists a unique vector bundle tr(TM') of rank 1 over M', such that, on any coordinate neighborhood

U C M', there exists a unique N € T (tr(T'M')y) satisfying:
g(N,&) =1, g(N,N) = g(N,W) =0, for any W € T**(S(TM")v),

where {£} is a local basis for I'°°(Rad(TM')|y). In this case, tr(T'M') is called the lightlike transversal vector
bundle of M with respect to S(T'M'").

Hence we have the following
TMyy = S(TM)L(T+M') & tr(TM))
=S(TM')L(Rad(TM') & tr(TM')) = TM' & tr(TM’).

Now let us suppose that (M, g,n,V) isa SWMT and let (M’,g") be a lightlike hypersurface. Locally,

on a coordinate neighborhood U C M’ we have Gauss and Weingarten formulas:
VxY =V4Y +a(X,Y)N, VxN=-B(X)+7(X)N,

for any X,Y € F°°(TM|’U), where V' represents the induced connection on M’, VY € I‘°°(TM|’U

), a is the
second fundamental form, B is the Weingarten operator and 7(X) = g(VxN,¢§).
The following result generalizes Proposition 4.2 to screen bundle and generalizes the analogous result for

lightlike submanifolds of a statistical manifold given in [2].
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Proposition 5.2 Let (M’',g') be a lightlike hypersurface of a SWMT (M,g,n,V) such that the screen
distribution S(TM') is integrable. Then (g',n',V) is a semi-Weyl structure with torsion on S(TM'), where n/

is the induced 1-form and ¥V is the induced connection on sections of the screen distribution.

Proof By using the previous notations, let P be the projection of I'*°(TM’) on I'*°(S(T'M’)). For
X e '°(TM'), we can write
X = PX +y(X)¢,

where ~ is a 1-form given by
v(X) == g(X,N).

We have:
VpxPY =VpxPY + h(PX,PY),

for any X,Y € I'°°(TM'), where h is the second fundamental form of S(TM’) in TM . Hence
(Vexg')(PY,PZ) = (PX)(g(PY,PZ)) — g(Vpx PY,PZ) — g(PY,VpxPZ) = (Vpxg)(PY,PZ),
for any X,Y,Z € T°>°(TM"). Moreover, the torsion of V,
TY(X,Y):=VxY - VyX — [X,Y],
satisfies
¢(TV(PX,PY),PZ) = g(NpxPY — VpyPX — [PX, PY],PZ) = g(TV (PX, PY), PZ).
Then
(Vexg)(PY, PZ) +n(PX)g (PY,PZ) — (Vpyg)(PX, PZ) —n(PY)g (PX,PZ) - ¢ (T¥ (PX, PY), PZ)
= (Vexg)(PY,PZ) +n(PX)g(PY,PZ) — (Vpyg)(PX,PZ)
—n(PY)g(PX,PZ)— g(TV (PX,PY),PZ) =0

and the proof is complete.

Remark 5.3 We remark that if the screen distribution is not integrable, then the bracket is not well defined and
the torsion on S(TM') is not well defined. Regarding conditions on the integrability of a screen distribution,
we refer to [6].

Proposition 5.4 Let M’ be a lightlike hypersurface of a pseudo-Riemannian manifold (M,g), such that the

screen distribution S(TM') is integrable. If (M,g,nm,V) and (M,g,n,V) are conformal-projective equivalent

SWMT, then the induced structures on S(TM'), (¢',n',V) and (g', 7', 6) , are conformal-projective equivalent,
too.

Proof Let ¢’ and g’ be the induced metrics on M’. Obviously, the radical distributions with respect to ¢’
and g’ are the same, since

g =e"y,
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where ¢’ and v’ denote the restrictions of ¢ and v to M’, respectively.
Let X, Y € I°°(S(TM')). Then

VY +&(X,Y)N = VxV = VxY + dp(X)Y + dp(Y)X — g(X,Y)Ve

= VxY +a(X,Y)N +dg (X)Y +dg/ (V)X — (X, YV’ — ¢ (X,Y)g(Vih, N)N,

where N is the defined before section of the lightlike transversal vector bundle of M’ with respect to
ot

(S(TM'),q") and N=e ""N. By identifying the tangential components, we infer

VXY = VxY +dg/(X)Y +d (V)X — g/ (X, V)V,

hence the conclusion is true.

Let M’ be a lightlike hypersurface of a pseudo-Riemannian manifold (M, g), such that the screen
distribution S(T'M’) is integrable. Let (g,1, V) be a semi-Weyl structure with torsion on M and let (¢’,7, V)
be the induced semi-Weyl structure with torsion on S(T'M’). Let

VxY =VxY +a(X,Y)N, VxN = —-B(X)+7(X)N,

where a(X,Y) := g(VxY,N), 7(X) := g(VxN,N). Moreover, let V* be the semidual connection of V with
respect to (g,n). Then

ViY = (V%Y + o (X,Y)N, ViN =—B*(X)+7(X)N,
where o (X,Y) 1= g(V4Y,N), 7°(X) := g(V% N, N), and we define
BX,Y) :=g(B(X),Y) = —g(VxN,Y),
BT (X)Y) = g(B"(X),Y) = —g(VXN,Y),

for any X, Y e I'°(S(TM")).

Proposition 5.5 Let (M’ g',n/,V) be a lightlike hypersurface of a SWMT (M,g,n,V), with the induced
structure, such that the screen distribution S(TM') is integrable. Then the (0,2)-tensor field 5 (defined on
S(TM') ) is symmetric. Moreover, (a, 8) = (8*,a*).

Proof We have
BX,Y) = B(Y,X)=—g(VxN,Y) +g(VyN, X)

=~ (X(9(N,Y)) = g(N, Vi) + n(X)g(N,Y))
+ (Y (9(N.2)) = g(N, V5-X) + (¥ )g(N, X))
= g(N, V;(Y) - g(N, V;X) = _g(Na v (X,Y) + [X’ Y]) = —g(N, v (X’ Y)),

for any X, Y € T'°(S(TM’)), where V* is the semi-dual connection of V with respect to (g,n). In particular,

the first statement follows from Proposition 2.10.
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Moreover
B(X7 Y) = g(N, V}Y) = a*(X7 Y)’

hence

(a, B) = (%, 7).

Now we can prove the following.

Proposition 5.6 The umbilical points of a lightlike hypersurface M', with an integrable screen distribution

S(TM'), in a SWMT, with the induced structure, are preserved by conformal-projective changes.

Proof Let M’ be a lightlike hypersurface, with an integrable screen distribution S(T'M’), of a SWMT

(M, g,n,V) and let (¢',n’, V) be the induced structure on S(T'M’). Remark that the unit normal vector field
_ ety

z N. Then, for any X,Y € I'*(T'M), we have

N with respect to g equals to N=c¢e

ety e+

BX,Y)=—G(VxN,Y) = T g(VxN + dp(X)N + dp(N)X — g(X,N)Vi,Y) — e X (757 )g(N,Y)

P+

=~ (VAN Y) + dp(N)g(X,Y)) = e (B(X,Y) = dp(N)g(X,Y)),

hence
e+

B=e"2 (B—dp(N)g)
and we immediately get the conclusions.

Let us also remark that the previous result does not depend on the SWMT structure.
As a consequence, we obtain

Corollary 5.7 Let M’ be a lightlike hypersurface of a pseudo-Riemannian manifold (M, g), such that the screen

distribution S(TM') is integrable. If (M, g,n,V) and (M,g,n,V) are conformal-projective equivalent SWMT
and (M',S(TM")) is a umbilical lightlike hypersurface of (M, g,n,V), then (M',S(TM")) is a umbilical lightlike

hypersurface of (M,g,n,V), too.

6. Nondegenerate affine distributions
We will prove that a SWMT can be realized by a nondegenerate affine distribution. Remark that Haba proved
in [7] that a SMT manifold can be realized by a nondegenerate equiaffine distribution. We shall follow the
natural idea for this construction.

Let {w, ¢} be an affine distribution on the n-dimensional manifold M, i.e.w is an R™*!-valued 1-form

on M and ¢ is an R™*!-valued function on M, such that
R = I'm(w,) @ RE,,

for any z € M.
Moreover, we suppose

Im(dw,) C Im(w,),
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for any x € M.
We define the SWMT (M,g,n,V) in the following way. For any X,Y € I'>°(TM), set
Xw(V) =w(VxY) +g(X,Y){, X¢=-w(B(X))+nX),

hence, V satisfies the properties of an affine connection, g of a symmetric (0,2)-tensor field, n of a 1-form
(and B is a (1,1)-tensor field).

Theorem 6.1 If {w,&} is a nondegenerate affine distribution on M, then (M, g,n,V) is a SWMT and the
curvature tensor of V has the following expression:
RY(X,Y)Z = g(Y,Z)B(X) - g(X, Z)B(Y),
for any X,Y,Z € T(TM).
Proof We have:
X(9(Y, 2)§) = X(9(Y, 2))€ + (Y, Z)(—w(B(X)) + n(X)§)
hence
(Vxg)(Y,2))6 = X(g(Y, 2))€ — g(VxY, 2)€ — g(Y,Vx Z)¢
=X (g(Y,2)§) — g(Y, 2)(—w(B(X)) + n(X)§) — 9(VxY,2)§ — g(Y,Vx Z)§
=X(Yw(Z) —w(Vy2)) +g(Y, 2)w(B(X)) — g(Y, Z)n(X)§ — g(VxY,Z)§ — g(Y, Vx Z)¢
= XYw(Z) = Xw(Vy Z) + g(Y, Z)w(B(X)) — (9(Y, Z)n(X) + 9(VxY, Z) + g(Y,Vx Z))¢
and
(Vxo) (¥, 2) = (Vy9)(X, Z))¢ = (9(X, Z)n(Y) — g(Y. Z)n(X) — 9(Z, VxY) + g(Z,Vy X) + ¢([X,Y], Z))¢
+w(VyVxZ = VxVyZ - Vixv1Z +9(Y,2)B(X) — 9(X, Z)B(Y))
thus
(Vx9)(Y, Z) = (Vy9)(X, Z) + n(X)g(Y, Z) = n(Y)g(X, Z) + g(T (X,Y), Z) = 0

and
RY(X,Y)Z = g(Y, Z)B(X) — g(X, Z)B(Y),

for any X,Y,Z € I'*°(TM). Then the proof is complete.

Direct computations give the following.

Corollary 6.2 If {w,&} is a nondegenerate affine distribution on M, then the SWMT (M,g,n,V) has the
following Ricci and scalar curvature:

n

€i9(B(E;), E;) — Zeig(Eiv 2)9(B(Y), Ei),
i=1 i=1

M=

Ric(Y,Z) =g(Y, Z)

scal = (n — 1) e.9(B(E;), E;),

Vi

=1

for any Y, Z € T>(TM), where {E;}1<i<n 15 a pseudo-orthonormal frame field with respect to the pseudo-

Riemannian metric g, g(E;, E;) = €;0;;, €, = £1.
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Corollary 6.3 If {w,£} is a nondegenerate affine distribution on M, then the SWMT (M,g,n,V) has

symmetric Ricci tensor if and only if
€.9(B(Ej), Ei) = €;9(B(E), Ej),

forany 1 <i,5 <n. Hence, if B = cl, where c is a smooth function on M , then the Ricci tensor is symmetric.

In this case, the scalar curvature is given by
scal = c(n — 1)(ip — in),

where i), (respectively, i, ) is the positivity index (respectively, the negativity index) of g. In particular, if g is

a neutral metric, that is, i, = iy, then the scalar curvature is zero.

Remark that, for a smooth function ¥ on M, the transformation & ~~ ’5 , where
= eV (w(Ve) +¢)

gives rise to

g=c'g, 1=1n, V=V—-gaVi. (6.1)
Moreover
B(X) = ¢ *(B(X) = Vx Vi + X(4) Ve + 5(X) V4.

From Proposition 3.2 (taking ¢ = 0), we can state

Proposition 6.4 If {w,&} is a nondegenerate affine distribution on M , then (M,g,n,V) given by (6.1) is a
SWMT.

Also, for a smooth function ¥ on M, the transformation & ~~ E , where
€= w(Vy) +e v

gives rise to
g=¢Yg, nT=n+ (¥ —1)dy, V=V-ecg® V. (6.2)

Moreover
B(X) =e YB(X) = VxVt+ (e¥ = 1) X (4)Vip + (X)) Vip.

By direct computations, we obtain

Lemma 6.5 For any X,Y,Z € T°°(TM), we have
TV =T, (Vxi)(Y,Z) = (Vy§)(X, Z) = ¥ ((Vxg) (Y Z) + di(X)g(Y, Z) = (Vyg)(X, Z) = di(Y)g(X, Z) ).
Thus we can state

Proposition 6.6 If {w,£} is a nondegenerate affine distribution on M, then (M,g,7 — ewdw,%) given by
(6.2) is a SWMT.
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Proof Forany XY, Z € I'>°(TM), we get from Lemma 6.5

(Vx@)(Y. 2) + (i(X) = e d(X) )5(Y. 2) = (V) (X, 2) = (ii(¥) = e’ du(Y)) (X, 2)
= ((Vxg) (Y, 2) + 0(X)g(Y, 2) = (Vy 9)(X, Z) = (Y )g(X, 2))

= ei/)g(Tv(X, Y),Z)= g(Tﬁ(X, Y), Z),

hence the conclusion is true.
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